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Abstract
We herein set forth intrinsically four-dimensional string solutions
and analyze some of its properties. The solutions are constructed as
gauged WZW models of the coset SO(2, 2)/SO(2)×SO(1, 1). We re-
cover backgrounds having metric and antisymmetric tensors, dilaton
fields and two electromagnetic fields. The theories describe anisotrop-
ically expanding and static universes for some time values.
1 Introduction
Recently constructing exact string solutions on gravitational backgrounds
[1] has interested many string theorists, the main motivation of which has
been that these backgrounds can shed light on different areas of gravita-
tion such as the nature of singularities and black hole physics. Most of
the found solutions are constructed as the product of two theories. One
element that is most frequently included in these constructions is the two–
dimensional, dilatonic black hole. A remarkable step was taken by Johnson
∗DTP-MSU/97-03, hep-th/yymmnn
†e-mail address:leopoldo@grg1.phys.msu.su
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who, by means of heterotic coset models [2], was able to move away from the
typical solution constituted by the two–dimensional dilatonic black hole in
the radial sector and a SU(2)/U(1) theory in the angular sector. Heterotic
coset models provide a natural opportunity to introduce twists between the
radial and angular sectors. The use of heterotic coset models gives rise to
the possibility of employing anomalously gauged WZW models to construct
a consistent theory. The fact that there is a unique gauge extension of the
WZW model having a classical anomaly depending only on the gauge field
[3] is fundamentally important in the construction of heterotic coset models.
This anomaly cancelled against the chiral fermionic anomalies. In this pa-
per we will use heterotic coset model techniques to construct solutions that
are intrinsically four–dimensional, meaning the coset is not the product of
lower dimensional cosets. This could potentially play a fundamental role in
studying the nature of singularities. These solutions reveal very interesting
features from the gravitational viewpoint. Intrinsically four–dimensional so-
lutions constructed from vector gauged WZW models have been presented
[5], but without any evident symmetry, and so their gravitational interpre-
tation is not clear. A complete list of cosets having a single time coordinate
and up to ten dimensions has been presented in [6] based on equivalences
between gauged WZW cosets and ordinary coset models. In this paper we
focus on one four–dimensional coset that has a single time coordinate. The
classification presented [6] does not give any information on the structure of
the background in which the string propagates. The only relevant informa-
tion gained from the classification is the dimension of the space and that it
has a single time coordinate. Here we investigate the concrete structure of
the background corresponding to SO(2, 2)/SO(2)× SO(1, 1) and show that
for some values of the time coordinate this coset describes anisotropically
expanding and static universes.
2 The SO(2, 2)/SO(2) × SO(1, 1) as a vector
gauged WZW model
The key construction of this section is the coset SO(2, 2)/SO(2)× SO(1, 1)
as it is defined by the diagonal vector gauging of WZW models. The action
of the diagonal vector gauging of WZW model is a particular case, corre-
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sponding to AR = AL, of the following the action:
I(g, AR, AL) = kI(g) + kIA
I(g) =
1
4π
∫
Σ
d2zTr∂zg∂z¯g
−1
+
1
6π
ǫijk
∫
B,∂B=Σ
d3yg−1∂igg
−1∂jgg
−1∂kg
IA =
1
2π
∫
Σ
d2zTr[ARz¯ g
−1∂zg − ALz ∂z¯gg−1
+ ALz gA
R
z¯ g
−1
− 1
2
(ARz A
R
z¯ + A
L
zA
L
z¯ )]. (1)
We parametrize the group element g ∈ SO(2, 2) as in [5], i. e., g = hτ , where
h ∈ SO(2, 1) and τ ∈ SO(2, 2)/SO(2, 1). The matrix τ has the form:
τ =
(
b (b+ 1)Xˆν
−(b+ 1)Xˆµ ηνµ − (b+ 1)XˆµXˆν
)
,
here Xˆµ is the arrow (x1,−x2,−x3), b = (1−x2)/(1+x2) and the indices are
contracted with the Minkowski metric ηµν = diag(1,−1,−1). The matrix h
is as follows:
h =
(
1 0
0 hνµ
)
,
where hνµ = [(1 + a
ν
µ)(1 − aνµ)−1], with aµν = −aµν . We consider the gauge
transformation generated by
T 0 =
1
2

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
 ,
3
T 1 =
1
2

0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0
 . (2)
We will impose gauge conditions on h, namely a12 = a23 = 0. A convenient
substitution is cosh r = (1 + a213)/(1 − a213), which is possible for |a13| < 1.
The kinetic term of the WZW model can be represented in a more compact
form after the following change of variables which diagonalyzes the part of
the metric corresponding to the coset element τ :
x1 = t cosh θ,
x2 = t sinh θ cosψ,
x3 = t sinh θ sinψ.
(3)
In these new coordinates we obtain
Tr∂µg∂
µg−1 =
8
(1 + t2)2
∂µt∂
µt
− 8t
2
1 + t2
(
∂µθ∂
µθ + sinh2 θ∂µψ∂
µψ + sinψ∂µθ∂
µr
+
sinh 2θ
2
cosψ∂µψ∂
µr
)
− 2∂µr∂µr. (4)
The Wess–Zumino term is by construction a closed three-form. According
to the Poincare lemma it can be rewritten locally as a two-form. For the case
under consideration we have:
ǫµνb0ij∂µxi∂νxj = ǫ
µν 2t
2
1 + t2
(2 sinψ∂µθ∂νr + cosψ sinh 2θ∂µψ∂νr) (5)
The currents of the model, which are defined as Jaz¯ = TrT
a∂z¯gg
−1 and
Jaz = TrT
ag−1∂zg with a = 0, 1, are:
4
J0z¯ =
t2
1 + t2
(4 cosψ cosh r∂z¯θ
− 4 sinh θ(sinψ cosh θ cosh r − sinh r sinh θ)∂z¯ψ)
J1z¯ =
t2
1 + t2
(4 cosψ sinh r∂z¯θ
− 4 sinh θ(sinψ cosh θ sinh r − cosh r sinh θ)∂z¯ψ)
J0z =
t2
1 + t2
(2 sinh2 θ sinψ∂zr
− 4 cosψ∂zθ + 2 sinψ sinh 2θ∂zψ)
J1z =
t2
1 + t2
(2 sinh 2θ cosψ∂zr + 4 sinh
2 θ∂zψ). (6)
According to general practice we now exclude gauge field in order to read
off the low energy content of the theory. The result is
I(g, A(g)) = kI(g)− k
2π
∫
Σ
d2zJaz¯ (M
ab)−1J bz , (7)
where Mab = Tr(T aT b − T agT bg−1). The values of the inverse matrix are
(M−1)00 =
2t2
∆(1 + t2)
(cosh 2θ cosh r
+ sinψ sinh 2θ sinh r − 1 + 2
t2
sinh2(r/2))
(M−1)01 = − 2t
2
∆(1 + t2)
(cosh 2θ(sinh r + sinψ cosh r) +
1
t2
sinh r)
(M−1)10 = − 2t
2
∆(1 + t2)
(
sinψ(sinh 2θ cosh r + sinψ cosh 2θ sinh r) + cos2 ψ
− 1
t2
sinh r
)
(M−1)11 =
2t2
∆(1 + t2)
(sinψ(sinh 2θ sinh r + sinψ cosh 2θ cosh r)
+ cosh r cos2 ψ + 1− 2
t2
sinh2(r/2)
)
(8)
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where ∆ = detMab. The proper integration of the gauge field in the large k
(one-loop) approximation includes shifting the dilaton field as follow:
Φˆ = Φˆ0 + ln detM
ab
= Φˆ0
+ ln
(
t2
1 + t2
cos2 ψ sinh2 θ cosh r +
2
1 + t2
sinh2(r/2)
+
t2(t2 − 1)
(1 + t2)2
cos2 ψ sinh2 θ
)
(9)
The whole low energy background of this theory consists as expected of a
metric and antisymmetric tensors as well as a dilaton field. In general it does
not have any evident symmetry. A very interesting feature of this solution is
that although for t = 0 the metric has an initial singularity the dilaton does
not blow up at this point and equals Φˆ = 2 ln sinh(r/2). For small values of
t the metric is described by eq. (4), which we rewrite as
ds2 = dt2 − 1
4
dr2 − t2(dθ2 + sinh2 θdψ2)
− t2(sinψdθdr + sinh θ
2
cosψdψdr). (10)
The first line describes a Kantowski-Sachs metric with negative curvature, the
second line is a modification. This metric represents an expanding universe
since the volume element
√−g = 1
2
t2 sinh θ
constantly increases in the range of t under consideration. The separation
between two observers is t∆θ if only their θ coordinates differ and ∆r if only
their r coordinates differ. Thus, the distances measured only in the θ and ψ
directions expand on a rate proportional to t while in the r direction do not
expand at all. We can conclude that the model describes an anisotropically
expanding universe with the metric being a modification of the Kantowski-
Sachs metric with negative curvature. It can also be checked that for large
values of t, i. e. t >> 1, the metric tensor has the form:
ds2 =
1
t4
dt2 − hijdxidxj , (11)
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where hij is independent of t and must be read off from eqs. (4,6-8) in the
large t limit, and xi = (r, θ, ψ). After the substitution T = 1/t the metric
becomes
ds2 = dT 2 − hijdxidxj , (12)
which is evidently a static Universe. We can conclude that the low energy
limit of the analyzed conformal field theory is a universe that has an initial
singularity and then expands to a static limit. For intermediate values of t
we are not able to give an exact cosmological interpretation of the theory.
To consider this bosonic solution as part of a heterotic string we have to
follow the Kazama–Suzuki construction and add left and right fermions whose
anomalies cancel among themselves. In the next section we will construct
generalized solutions of this result.
3 Heterotic Coset Model techniques
3.1 A Background with Electromagnetic fields
In this subsection we present the simplest background that can be obtained
using heterotic coset model techniques. In fact, this is a cousin of the
monopole theory of Giddings Polchinski and Strominger [7] as presented by
Johnson [4]. We start with the right gauging of the WZW model, which can
be obtained from (1) taking AL = 0 and AR = A:
IRGWZW (g, A) = kI(g) +
k
2π
∫
d2zTrAz¯g
−1∂zg − k
4π
∫
d2zTrAzAz¯. (13)
Under the transformations
g → gh δg = −gu δAa = −Dau = −∂au− [Aa, u],
the action changes to
δI(g, A) =
k
4π
∫
d2zu(∂zAz¯ − ∂z¯Az).
In the heterotic coset model this classical anomaly cancels against the one-
loop anomalies produced by the fermions. The anomaly of the right fermions
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is fixed by supersymmetry since we require supersymmetry in the right sec-
tor. The number of right fermions is Dim(G) − Dim(H) = 4, they are all
minimally coupled to Az¯ and produce an anomaly of the form:
δIRF =
1
4π
∫
Σ
d2zTruFzz¯. (14)
The left moving fermions play the role of current algebra, are minimally
coupled to Az with coupling constant Q and produce an anomaly:
δILF = −
Q2
4π
∫
Σ
d2zTruFzz¯. (15)
The anomaly cancelation condition is
k = Q2 − 1
Reaching the low energy limit is not as easy as in the previous section, the
problem is that now the level k is related to the coupling Q. This implies
that the fermions affect the metric in the same order as the gauge fields.
To solve this puzzle and be able to integrate out the gauge field we need
a classically gauge invariant action. This can be achieve by bosonizing the
fermions. The bosonization of the fermions is not trivial. Keeping in mind
that taking care of the anomalies is our main concern, it will be enough
to find a bosonic action with the same anomaly as the fermion system. An
anomalously gauged WZW model at level k = 1 exhibits the desired anomaly
properties. Nevertheless, following this direction we find that reading off the
metric is very complicated. We can proceed as [4] and introduce a bosonic
action yielding the same anomaly,
IB =
1
4π
∫
Σ
d2z(∂zφ
a −Q+Aaz)(∂z¯φa −Q+Aaz¯)−Q−φaF azz¯, (16)
here Q± = Q ± 1, a = 0, 1. This action under the transformations
δφa = Q+u
a and δAa
±
= ∂±u
a yields the desired anomaly. The index a
is contracted using the metric ηab = TrT aT b = 1/2diag(1,−1). The total
action that we get is:
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I total = kI(g) +
1
4π
∫
Σ
d2z (∂zφ
a∂z¯φ
a
+ Aaz¯(2kJ
a
z − (Q+ −Q−)∂zφa)
− Aaz(Q+ +Q−)∂z¯φa
+ AazA
a
z¯(−k +Q2+)
)
. (17)
Since the gauge field is nondynamical and enters the action quadratically we
can integrate it obtaining
I total = kI(g) +
1
4π
∫
Σ
d2z (∂zφ
a∂z¯φ
a
− (Q+ +Q−)
k −Q2+
∂z¯φ
a(2kJaz − (Q+ −Q−)φa
)
. (18)
¿From this action it is still not clear the way the metric should be affected
by the integration of the gauge field, to see this explicitly we have to prepare
the action for refermionization or at least present it in a suitable form. We
have to build a convenient term of the form D˜+φD˜−φ, forming this term
uniquely determines the metric and the gauge field. We rewrite the total
action as:
I total = kI(g) +
Q2+ −Q2−
4π(k −Q2+)
∫
Σ
d2z∂zφ
a∂z¯φ
a
+
1
4π
∫
Σ
d2z
(
(∂zφ
a − k(Q+ +Q−)
k −Q2+
Jaz )(∂z¯φ
a − k(Q+ +Q−)
k −Q2+
Iaz¯ )
− k(Q+ +Q−)
k −Q2+
(Jaz ∂z¯φ− ∂zφIaz¯ )
− k
2(Q+ +Q−)
2
(k −Q2+)2
Jaz I
a
z¯
)
. (19)
where Iaz¯ = TrT
ag−1∂z¯g. The last term is the one that affects the part
of the metric defined by kI(g), the third term tells us that the fermions will
now be in the presence of an abelian field. The final background is:
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ds2 =
1
(1 + t2)2
dt2 − t
2
1 + t2
hijdx
idxj − t
4
(1 + t2)2
γijdx
idxj − 2dr2
bθr =
4t2
1 + t2
sinψ bψr =
2t2
1 + t2
sinh 2θ cosψ
A0r =
2t2
1 + t2
sinh2 θ sin 2ψ A1r =
2t2
1 + t2
sinh 2θ cosψ
A0θ =
−4t2
1 + t2
cosψ A1θ = 0
A0ψ =
2t2
1 + t2
sinh 2θ sinψ A1ψ =
4t2
1 + t2
sinh2 θ
A0t = 0 A1t = 0
Φˆ = Φˆ0 + ln(−k +Q2+). (20)
As we see the dilaton field is trivially shifted by a constant, the expression for
the antisymmetric tensor is entirely determined by I(g). As in the previous
section for small values of t, we have an anisotropically expanding universe
and for large values of t we have a static universe. The major difference
with the vector gauge WZW of the previous section is the presence of two
sets of abelian gauge fields. Both electromagnetic fields depend on time.
As a function of time the electric and magnetic fields are zero for t = 0
and for large values of t the electric field tends to zero while the magnetic
field goes to a constant. One feature of this solution is that the value of
the charge is fixed by the choice of k. In the next subsection we will see
that heterotic coset model techniques provide an opportunity to avoid this
restriction and construct solutions whose charge is arbitrary in the sense that
it is not constrained by the choice of the level k.
3.2 A background with arbitrary charge
The next generalization of the presented construction consists of including a
parameter δ to move away for the restricting condition on Q. We now start
with an anomalously gauged WZW action eq. (1) for which tR = T
a and
tL = δT
a with a = 0, 1. The fermionic action is the same as in the previous
subsection and the anomaly cancellation condition now reads as
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k(1− δ2) = Q2 − 1 (21)
Again we bosonize the fermionic sector to properly integrate out the gauge
field. The total action is now of the form:
I total = kI(g) +
1
4π
∫
Σ
d2z∂zφ
a∂z¯φ
a
+
1
4π
∫
Σ
d2z (Aaz¯(2kJ
a
z − (Q+ −Q−)∂zφa)
− Aaz(2kJaz¯ + (Q+ +Q−)∂z¯φa)
− AazAbz¯(ηab(k(1 + δ2)−Q2+)− 2kδTrT agT bg−1)
)
. (22)
Integrating out the gauge field and accommodating the action as in the pre-
vious subsection we obtain:
I total = kI(g) +
1
4π
∫
Σ
d2z(∂zφ
a∂z¯φ
bΛab
− 4k2JazΛabJ bz¯)
+
1
4π
∫
Σ
d2z
(
(∂zφ
a − 2kQJ bzΛab + 2kIbzΛba)
× (∂z¯φa − 2kQIbz¯Λab + 2kJ bz¯Λba)
− k(Q+ +Q−)Λba(Jaz ∂z¯φb − Iaz¯ ∂zφb)
− k(Q+ −Q−)Λba(J bz¯∂zφa − Ibz∂z¯φa)
− (k(Q+ +Q−))2J izIjz¯ΛaiΛaj − (k(Q+ −Q−))2I izJ jz¯ΛiaΛja
− k2 (Q2+ −Q2−)(J izJ jz¯ΛaiΛaj + I izIjz¯ΛiaΛja)
)
, (23)
where Iaz = Tr∂zgg
−1 and Λab is the inverse matrix to Mab = ηab(k(1+ δ2)−
Q2+)− 2kδTrT agT bg−1. The dilaton is shifted by
Φˆ = Φˆ0 + ln detM
ab.
As opposed to the previous subsection the dilaton shift is not trivial. Read-
ing off the background is essentially the same as in the previous subsection.
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The general result is very complicated and so we outline the relevant charac-
teristics of this solution. For δ = 0 the background is reduced to the one of
the previous subsection and for δ = 1 we recover the results of the previous
section for the anomaly free gauged WZW model. From here we can already
conjecture that this is another cosmological theory for some values of δ and
in the limits of large and small t. For arbitrary values of δ one can check that
the metric indeed behaves the same as the other presented backgrounds. The
two electromagnetic fields present the same asymptotical behavior in time as
in the previous subsection, but do not depend on the time coordinate as
simply as in the previous case.
4 Conclusions
We have constructed some intrinsically four–dimensional heterotic string so-
lutions. The low energy limit of the first solution (vector gauged WZW
model) includes metric and antisymmetric tensors and dilaton field, this so-
lution describes an anisotrpically expanding universe for small values of t and
a static universe for large values of t; it also has an initial singularity but it is
remarkable that the dilaton does not blow up at this singularity. The other
solutions, apart from these characteristics possess two sets of electromagnetic
fields, in one case with a fixed value of the charge and in the other with arbi-
trary charge. We conjecture that the charged solutions are possibly extremal
solutions since we actually have very few parameters; in the first case all the
parameters are fixed, in the second we only have one free parameter, the
charge Q (or δ). An interesting unanswered question is to what extend these
solutions can be obtained as low energy limits of higher dimensional theories.
Given that for large values of t the metric describes a static universe and has
one timelike killing vector it seems interesting to relate the properties of these
solutions to the symmetries of the low energy string effective action [8] and
determine which of them can be obtained starting from other simpler known
solutions.
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